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Teaching the Shakespeare of Mathematics
MARCUS du SAUTOY

During my year as Presidentof The Mathematical Associationthe
governmentegana review of the curriculum acrossall subjectstaughtin
school. Given the constanttinkering with the educationsystemby every
governmentthis is probablya sentencehat any MA presidentcould write
during their tenure.But 2013 saw governmenteally trying to lay out their
vision for what education should deliver in the coming decade.

In English, an aim of the curriculumreview is to developa student's
love of literaturethroughwidespreadeadingfor enjoyment.Studentswill
getto readShakespearepmanticpoetry,the greatnovelsof the nineteenth
centurytogetherwith seminalworks of world literature.lt is hopedthatthis
will exposestudentsto the great works of literature and allow them to
acquire an appreciation of ‘our rich and varied literary heritage’ [1, p. 13].

In science, by building on fundamentalideas and concepts, the
curriculum review aims to foster in students'a senseof excitementand
curiosity about natural phenomena’[1, p. 99]. Studentswill study the
fundamentalmechanicsof the cell, learn aboutstemcells, photosynthesis
andgenomicstheywill be exposedo radiation(in a theoreticalsenseand
the evidencefor the Big Bang. Suchfundamentaideaswill give students
the scientific knowledgeto be ableto understandhe usesandimplications
for the impact of science on society.

The documentoutlining a vision for mathematicsstarts promisingly
with a mission statement:

‘ Mathematicgs a creativeand highly inter-connectedliscipline
thathasbeendevelopedver centuries providing the solutionto
someof history's mostintriguing problems.lIt is essentialto
everydaylife, critical to science,technologyand engineering,
and necessaryin most forms of employmentA high-quality
mathematicseducation therefore provides a foundation for
understandinghe world, the ability to reasonmathematically,
and a sense of enjoyment and curiosity about the subject.’

[1, p. 53]

But the curriculumthatis suggestedeelslike it only getsstudentshalf way
on this exciting journey. The curriculum focuseson tools and utility, the
grammarof mathswith noneof the big stories.Wherearethe Shakespeare
and the Darwin in the mathematicscurriculum? Of courseone needsa
facility with mathematicalanguageto be ableto appreciateéheseideasbut,
without the ideas,thereis little incentivefor the studentto dedicatetheir
time to the technical side of their subject.

In English, we havetwo GCSE qualifications: English Languageand
English Literature. Maybe thereis a placefor a mathematicatliterature’
gualification alongsidethe utilitarian curriculum that is servedup in the
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current GCSE. It shouldn'tbe a GCSE for the clever kids but should be
targetedat a broad range of students.What is its aim? To developa
student'dove of mathematicthroughdoing mathematicgor enjoymentto
fosteran appreciatiorof our rich andvariedmathematicaheritage(to steal
a phrase from the English curriculum reveiw).

It was thesebig ideas after all rather than the utilitarian aspectof
mathematicghatdrew mostmathematiciangndteacherf mathematicso
the subject: ideas of infinity, patternsin numbers, the attraction of
symmetry,the power of proof. Theseare someof the themeswhich have
the potential to instil excitement and curiosity in students studying
mathematics.

The missionstatementor the mathematicaturriculumreform hasin it
someof the centralthemesthat shouldinform sucha mathematicaliteracy
educationthe historical contextof the developmenbf mathematicaldeas,
theimpactof mathematic®n the developmenbf innovativetechnologythe
interconnectedhature of mathematicsto culture and the humanities,the
creativity and enjoyment that fuels mathematical development.

Justasin Englisha studentisn't meantto graspthe full complexityof a
Shakespearplay, we shouldbe preparedo takethe risky stepof teaching
big ideasthat a studentmight not fully comprehendut ratherthey should
be given a way to glimpse somethingof thesegreat stories. Justas any
coursein English literature can give just a taste of the great works, a
mathematicaliteracy coursewould not aim to be completebut to expose
students to a sample of what is out there.

So what would the Othello or the Animal Farm of mathematicde?|
have taken one particular story createdby the personl regard as the
Shakespearef MathematicsBernhardRiemann.Othergreatstoriescanbe
foundin my book The NumberMysteries[2] which in somesensd regard
as my manifestofor what might be taughtin a mathematicalliterature
course.

Getting a student to see in four dimensions

I canstill rememberthe excitementl felt the day | first ‘saw’ in four
dimensions.Although | didn't physically ‘see’ four-dimensionalshapesl
had learntthe languagethat allowed me to conjureup theseshapesn the
mind'seye.But it is alanguagehatwe alreadyteachstudentsn school:the
languageof coordinatesSois it sucha difficult challengeto teachkids to
see in four dimensions?

These'four-dimensionalgoggles’ are possiblethanksto a dictionary,
inventedby Descarteswhich changesshapesnto numbers.He developed
the dictionarybecausef his frustrationwith how difficult it is to pin down
the visual world. As he used to say: ‘Sense perceptionsare sense
deceptions’.

Whenwe look up the locationof atown in anatlaswe find it identified
by a two numbergrid location. A GPScan pinpoint very accuratelyevery
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locationon the earthusing a pair of numbers.Thesenumberspinpoint our
North-South, East-Westlocation from a point on the equator that lies
directly south of Greenwich in London.

For example,the University of Loughboroughthe venueof the 2013
Mathematical Association Annual Conference,is on a latitude of 52.77
degreesnorth and 1.22 degreeswest. In Descartes'dictionary we can
translatethe geographicalocation of the Conferencanto two numbersor
coordinates (-1.22, 52.77).

We can use a similar processto describemathematicalshapes.For
exampleif we wantto describea squarein this systemof coordinatesve
cansaythatit is a shapewith four verticeslocatedat the points(0,0), (1,0),
(0,1) and (1,1). Eachedgecorrespondd$o choosingtwo verticeswherethe
coordinatesare different in one position. For exampleone of the edges
correspondso the two coordinateq0,1) and(1,1). Herethe first coordinate
is different.

The flat, two-dimensionalworld needsjust two coordinatesto locate
eachposition,but if we alsowantto includeour heightabovesea-levethen
we couldaddathird coordinate We will needthis third coordinatetoo if we
wantto describea three-dimensionatubein termsof coordinateslts eight
verticescanbe describedy the coordinateg0,0,0),(1,0,0),(0,1,0),(0,0,1),
(12,1,0), (1,0,1), (0,1,1) and finally the extremal point at (1,1,1).

Again an edgeconsistsof two pointswhosecoordinatesaredifferentat
exactly one position. If you look at a cubethenyou can easily counthow
many edgesthere are. But if you didn't have this picture, you could just
counthow many pairs of points there are which differ at one coordinate.
Keep this in mind as we move to a shape where we don't have a picture.

©0.1) (1.1) 0,1,1) (1,1,1)
' (1,0,1)
0,0,1 | 7
|
|
|
1010 n
- (1,1,0)
©0.0) (1.0) 000  (1,00)
Two dimensions Three dimensions Four dimensions
FIGURE 1

Descartestictionary hasshapesand geometryon one side and, on the
other,numbersandcoordinatesThetroubleis thatthe visual siderunsout if
we try to go beyondthree-dimensionakhapessince thereisn't a fourth
physical dimensionwhere we can see higher dimensionalshapes.(The
beautyof Descartestictionaryis that the otherside of the dictionarykeeps
going beyondthreedimensions.)To describea four-dimensionabbjectwe
just adda fourth coordinatewhich would just keeptrack of how far you are
moving in this new direction. So althoughwe canneverphysically build a
four-dimensionakube,by using numberswe canstill describeit precisely.
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It has16 verticesstartingat (0,0,0,0)then extendingto pointsat (1,0,0,0),
(0,1,0,0)and stretchingout to the furthestpoint at (1,1,1,1). The numbers
are a codeto describethe shape.And using this codewe can explorethe
shape without ever having to physically see it.

For example,how many edgesdoesthis four-dimensionalcube have?
An edgecorrespondso two pointswhereoneof the coordinatess different.
Out of eachvertextherearefour edgescorrespondingo changingeachof
the four coordinatesone at a time. Thatlooks asif theremight be 16 x 4
edgesBut noticethat we actually counteachedgetwice this way: onceas
an edgeemergingfrom the point at one end and also as an edgeemerging
from the point at the otherend of the edge.So the total numberof edgesn
the four-dimensional cube (86 x 4)/2 = 32.

And it doesn'tstop there.You can move into five, six or evenhigher
dimensionsandbuild hypercubesn theseworlds. For examplea hypercube
in N dimensionswill have2" vertices.Out of eachof theseverticesthere
will be N edgesemerging,eachof which we are countingtwice. So the N-
dimensional cube hag x 2V~ ! edges.

Mathematicsgives you a sixth sensewhich meansthat you can play
with these shapesthat live beyond the limits of our three-dimensional
universe.

The History

One of the key componentd think thatis missingfrom mathematical
education both at school and at university is placing mathematical
discoveriesin a historical context. It is really important that students
understandhat mathematicgs created/discovereby people.lt isn'thanded
downin somehugemathematicatextbookfrom on high. To understandnd
appreciatehow mathematiciandefore them struggledwith new ideasis
empowering for a student who is wrestling with new ideas in the classroom.

It was the nineteenth-century German mathematician Bernhard
Riemann, the Shakespear®f Mathematics,who realized the power of
Descartes'dictionary to take you into these strangenew worlds. It is
interestinghow thesenew ideasgrew out of a correspondingshift in the
educational philosophy in Germany. France, which had been the
powerhous®f mathematicalnnovationat the endof the eighteenttcentury,
regardedmathematicsas a tool to servethe governmentBut Humboldt's
educationareformsin Germanyat the beginningof the nineteenthcentury
shifted this focus.

Humboldt placedthe emphasison servingthe needsof the individual,
ratherthanthe state. Utilitarian goalswereto bereplacedoy adesireto gain
knowledgefor its own sake. All this wasin stark contrastto Napoleon's
utilitarian view of the subject. In 1830, Carl Jacobi,a leadingprofessorin
Berlin, wrote to a colleaguein Parisboastingaboutthe superiority of the
German approach to mathematics.

‘... the soleobjectof sciences honourof the humanspirit ......
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a problemin the theory of numbersis worth as much as a
problem of the system of the world.’

| oftengetthefeelingthatwe arestill stuckin Napoleonidrrancejustdoing
mathematicsto serve the state. If only we could find a modern-day
Humboldt to take the reins at the Department of Education

For thefirst time in Germany the studyof mathematicformeda major
part of the curriculum in the new schools and universities. And
mathematiciansfreed from the needto model the physical world, began
insteadto exploremathematicaldeasfor their own sake.It gaverise to the
creation of geometry that lives beyond our three-dimensional universe.

But this doesnot meanthat the mathematicghat was discoveredby
Riemannhadno impacton the world. Sometimeghatimpactis unexpected
and could never have been anticipatedin advance.The geometry of
hyperspacewas the key to Einstein's breakthroughsin the theory of
relativity. It gave him the arenato unify time and space.And without
Einstein'sbreakthroughen how time andspaceareintimately connectedve
could neverhavecreatedhe GPSthat helpedsomeof usto find our way to
the conferencen LoughboroughBut the mathematic®f hyperspacdiasn't
just had an impact on technology.

The Art

So often studentsmove from one classroomto anotherat school not
realisingthe connectionsand synergiesthat exist betweenall the subjects
taughtin school.Theygo from the mathematicglass to the historyclass,to
the art class,to the music class, oblivious to the fact that there is any
connectionbetweernthe subjectsthey arelearning.Understandindiow new
mathematicaldeashaveoften beena greatcatalystfor newartis a possible
way to engagea whole newaudiencan the schoolwho feel disenfranchised
by the sometimes very technical nature of mathematics.

The conceptof afour-dimensionatubewascentralto oneof theiconic
modernbuildingson the Parisskyline. To celebratehe 200thanniversaryof
the French Revolution, PresidentFrancois Mitterrand commissionedthe
DanisharchitectJohan-Ottovon Spreckelserto build somethingspecialat
La Défense the financial district of Paris.The building would line up with
several other significant Parisian buildings: the Louvre, the Arc de
Triomphe and the Egyptian Needle in what has becomeknow as the
Mitterrand Perspective

The architectcertainly didn't disappoint.He built a huge arch which
weighsa staggering300,000tonnesandis so largethatthe towersof Notre
Dame would fit through the middle. Unfortunatelyvon Spreckelserdied
two yearsbeforethe completionof the arch.Perhapdesswell knownto the
Parisianswho seeit every day is the fact that he actually built a four-
dimensional cube in the heart of their capital.

Well, it isn't quite a four-dimensionatubesincewe only live in athree-
dimensionaluniverse- it is in fact the shadowof a four-dimensionatube.
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Justas the Renaissancartists were faced with the challengeof painting
three-dimensionashapewon a flat two-dimensionakanvasthe architectat
La Défensehastried to capturea shadowof the four-dimensionalcubein
our three-dimensionaworld. To create the illusion of seeinga three-
dimensionalcube while looking at a two-dimensionalcanvas,the artist
might draw a squareinside a larger squareandthenjoin up the cornersof
the squarego completethe picture of the cube.Of courseit's not really a
cube but it retains enough information to see all the edges for example.

FIGURE 2

Thearchitectat La Défenseusedthe sameideato build a projectionof a
four-dimensionalcube in three-dimensionaParis. The arch consistsof a
small cubesitting inside a larger cubewith edgegoining up the verticesof
thesmallerandlargercubeslIf you countcarefullyyou canseethe 32 edges
that we identified using Descartes' coordinates.

FIGURE 3: Picture of La Grande Arche
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Wheneverl've visited La GrandeArche at La Défense,it is uncanny
how thereis alwaysa howling wind which seemso suckyou throughthe
centreof the cube.So serioushasthis wind becomethat the designeravere
forcedto erecta canopyat the heartof thearchto disrupttheflow of air. It's
almostasif constructinga shadowof a hypercubdn Parishasopenedup a
portal to another dimension.

Thereareotherwaysto geta feel for the four-dimensionakubein our
three-dimensionalorld. For exampleyou could unwrapit. Think of the
way that you would build a three-dimensionatubeout of a pieceof two-
dimensionalcard. First you would draw six squaresconnectedn a cross
shape,one squarefor eachface of the cube,then by wrapping the cross
shapeup you can build a cube.In a similar fashion, it is possiblein our
three-dimensionalvorld to build a 3D net which, if you had a fourth
dimension, could be wrapped up to make a 4D cube.

To makeyour own 4D cube cut out and assemblesight cubes.These
will be the ‘faces’ of your 4D cube.To makethe net of the 4D cubeyou
needto join theseeightcubestogether Startby gluing togetherthefirst four
cubesinto a column, one stackeduponthe other. Next take the remaining
four cubesand stick them to the facesof one of the four cubesin the
column.Your unwrappedchypercubdooks like two intersectingcrossesTo
fold this thing up you would needto startby joining up the bottomandtop
columnof cubes.The nextstepwould beto join the outwardfacing squares
of two of the cubesstuckon eithersideof the columnto the bottomcubein
thetower. Thenfinally you'dneedto gluethefacesof the othertwo cubesto
the remainingtwo facesof the bottom cube.If you tried to glue this thing
togetheryou'd soongetin atangleastherejustisn't enoughroomin three
dimensions: you need a fourth dimension to do this.
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Justasthearchitectin Pariswasinspiredby the shadowof the 4D cube,
the artist Salvador Dali was intrigued by the idea of this unwrapped
hypercube.In his painting Crucifixion (Corpus Hypercubu}¥ Dali depicts
Christbeingcrucified on the 3D netof a four-dimensionatube.Theideaof
the fourth dimensionbeing somethingbeyondour materialworld resonated
for Dali with the spiritual world beyond our physical universe. The
unwrappedhypercubeconsistsof two intersectingcrossesand the picture
suggestghat his ascensiorto heavenis connectedwith trying to wrap this
3D structure up into a fourth dimension that transcends physical reality.

Whatever way we try to depict these 4D shapesin our three-
dimensionaluniversethey can never show a complete picture just as a
shadowor silhouettein the two-dimensionalworld can only give partial
information. As we move andturn the object,the shadowchangeshut you
neverseeeverything.This themewaspickedup by novelistAlex Garlandin
his book The Tesseractanothername for a four-dimensionalcube. The
narrativedescribeghe views of different charactersn the centralstory set
within the gangsterworld of Manila. No one narrative providesa clear
picture but by piecing togetherall the strands,like looking at the many
different shadowscastby a shape,you startto understandvhat the story
might possibly be.

Revealinghow artistshave usedmathematicaktructuresn their work
providesanintriguing way to accesghe subjectfor thosewho might at first
think of themselveanore on the humanitiesside of the two cultures.But
that's the point. Thinking in terms of two cultures was always a false
dichotomy. We needto find more waysto breakdown the walls between
different classrooms.

The Application

Oneof the key themespickedup in the curriculummissionstatements
the importanceof mathematicso the developmentof new technology.l
havealreadyalludedto therole hyperspac@layedin the developmenbf the
GPS.But everytime informationis convertednto digital data,thoseseries
of Osand1scanbeinterpretedasa cornerof a very high dimensionakube.
Mathematicshasplayeda centralrole in creatingcleverways of encoding
data in high dimensionsso that any errors that might occur while the
information is in transit can be correctedby the personreceiving the
message.

The mathematic®f error-correctingcodesis not complicatedandagain
could form aninterestingapplicationof high-dimensionageometrythat is
accessibldo a GCSEstudent.For examplesupposea messagg/ou want to
send consists of the digital string

(0,0,1,1,11,10,1,2,0,0,010,1,0,0,1,1,1,1,1,1,2).
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Onecanbreakthis up into five shortmessagewhich representornerson a
five-dimensional cube:

RlrRr|lo|r|o
Rr|lo|lo|r|o
Rr|lo|o|ofkr
RPlRr|Rr|R|R
RlRr|o|kr|kr

Supposethat, during transmissionof the messagepne of the digits gets
flipped. Thereis noway to tell which digit wascorruptedbut a simpletrick
canhelppreservehedata. This consistsof addinganextrarow andcolumn
to the grid which recordinformationabouthow many zerosand onesthere
arein it. Counthow manylstherearein eachrow andeachcolumn,starting
with the first column.If therearean odd numberof 1sin this first column
thenthe extradigit you addto the bottomof this columnis a 1. If thereare
anevennumberof 1s(0 is anevennumberin this setting)thenputa 0 atthe
end of this column. Proceedalong the five columnsadding digits at the
bottom of eachcolumnto keeptrack of the numberof 1sin eachcolumn.
Do the same for the rows.

ojo|1(1f1]1
1{1(0)1f1/|0O0
0ojo0ofO0O|1]0]|1
1100111
1111111
1{o0(0|1]O0

In the bottomright-handsquareplacea 0 or a 1 correspondingo whether
the columnaboveit hasanevenor odd numberof 1s. Interestinglythis will
alsorecordthe parity of the numberof Osandl1sin the bottomrow too. The
trick is to realisethatactuallythis numbertells you whetherthereis an odd
or even number of 1s in the whdex 5 grid.

ojo0of1|1]1]|1
1{1(0)1f1|0O
ojo|jof1f{o0f1
100|111
1]1)1(1(1]1
i1{o0(0)J1f|0]|O
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Now the messagés readyto send.Supposeduring transmissiorone of the
digits getschangedlt is now possibleto identify which digit got corrupted.
Look attheoriginal 5 x 5 block of numbersandseewhetherthereis anodd
or even number of 1s and compareit with the Os and 1s you added,
rememberinghat thesekept track of the numberof odd or evenlsin each
column.If the error occurredin one of the numbersin the5 x 5 grid then
therewill be onerow andone columnwherethe numbersyou addeddon't
matchup with the numberof 1sin thatcolumnandrow. Look at wherethe
columnandrow intersectandthereis the locationof the errorthatoccurred
in the transmission.

For example,can you identify which numberhasbeenchangedn the
following set-up?!| have put in dark lines to separatethe 5 x 5 grid
containing the message and the extra numbers we've added.

o|jof1(1]|1]1
of1(0f(1]1]0
ofofof1]0]1
1{0)]0]21(1]1
111|111
1J]0]J]0]11]0]O

Thefirst columnin the5 x 5 grid hasan evennumberof 1s. But the digit
we addedat the bottom of this column was a 1 indicating there were
originally an odd number, so the first column contains the error.

Now turn to the rows. It is in the secondrow wherethingsdon'tmatch
up. Therearean odd numberof 1sin the secondrow of the5 x 5 grid but
your checkdigit indicatesthat thereshouldbe an evennumber.So now we
can identify that the error occurred in the first column, second row.

If the erroractuallyoccurredin one of the checkdigits you addedthen
the entry in the lower right handcolumnwill not matchthe lastrow or the
last column. If it doesn'tmatchthe last row for example,you'll know that
oneof theentriesin the lastrow hasbeenchangedso just checkeachof the
columnsto seewhich columndoesn'tmatchup. If you find actuallyit's the
sixth column that doesn'tmatchthen actually it's the numberin the lower
right hand corner that got corrupted.

Error-correctingcodeslike this are usedin everythingfrom CDs to
satellitecommunicationsEvery time computerdalk to eachotherthey are
usingtheseideasto makesureinterferencedoesn'tcorruptthe messagethat
are sent.

More Big Stories

For methisis justoneexampleof the sortof topic thatcouldbe covered
in a MathematicalL.iteraturecourse Noneof the mathematicss out of reach
yettheideasarebig. Herearesomeotherideasthat could be seeddor other
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big stories that might form part of such a course:

(1) Whatis the nextnumberin this sequencei, 1, 2, 3,5, 8,13 ...? The
Fibonaccinumbersneverfail to intrigue studentsThey are key, not
only to the mating habits of rabbits, but musical rhythms, growing
shells and Le Corbusier's buildings.

(2) What are the chancesthat two children in a class have the same
birthday?If the classhasat least23 childrenit is morethan50 : 50.
The mathematic®f probabilityis ascounter-intuitiveasit is usefulin
navigating the risks that surround us.

(3) The mathematicsof fractal shapesexplains why the coastline of
Britain could be infinite, why a JacksorPollockis so specialandwhy
Nature is full of such complexity.

(4) The proof that there are infinitely many primesis as simple asit is
devastatingn its implicationsyet a million dollars awaitsthe person
who can unlock a way to navigate a way through these numbers.

(5) Thereis more than one infinity and someinfinities are bigger than
others.

(6) The populationgrowth of lemmings,the weather,and the stability of
the solarsystemareall atthe mercyof a simplemathematicaéquation
which give rise to chaos,one of the most important mathematical
stories of the last century.

(7) From the Sage at Gatesheadto the Guggenheimin Bilbao,
mathematicabhapesarekey to creatingthe innovativearchitectureof
the modern skyline.

(8) Why arethe geometrief the bagelandthe coffee cup related?It is
becauseyou can mould one into the other. The mathematicsof
topology or bendy geometry is a new way at looking at shapes.

(9) The mathematicsof symmetry explains why there are only five
different dice and seventeertifferent symmetrieson the walls in the
Alhambra.

| am not an educationalistl am a mathematicianl don't pretendto be
ableto adviseon how mathematicshouldbetaughtandl know thattraining
teacherdo be ableto tell thesestorieswill be a big challenge But | know
whatturnedme on to the subject.lt wasbeing shownwhat mathematicss
really about.Realmathematicslt wasbeingexposedo the big stories,the
Shakespearef Mathematicghatinspiredme. Evenif a studentchoosesot
to becomea mathematician still believethat we shouldbe braverin the
mathematicgo which we exposeour studentslt is thesebig ideasnot the
technicalside of the subjectthat | believe will realisethe dreamof the
curriculummissionstatemento instil in students a senseof enjoymentaind
curiosity about the subject
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